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A sufficient condition is given for the solutions of a functionally perturbed 
linear system of ordinary differential equations to have limits at & co. 
1. INTRODUCTION 
In [7], the functional differential equation 
x’(t) = 4) x(t) + f(t, w, 4) (PER) (1) 
was shown to possess solutions that approach zero as t -+ &CO provided 
(among other hypotheses) the associated linear system of ordinary differential 
equations 
r’(t) = A(t) Y(t) PER) (2) 
satisfies conditions which imply that (2) is conditionally asymptotically stable. 
We investigate the convergence (limits) of the solutions of (1) under the 
conditional asymptotic stability hypotheses imposed upon (2) in [7]. 
In Eqs. (1) and (2), x and y are n vectors, and A(t) is a continuous bounded, 
complex-valued n x n matrix defined on the real line R. Denote by Y(t) 
the fundamental matrix of (2) that satisfies the condition Y(0) = I, , where 
I, is the n x n identity matrix. Let B denote a compact subset of R and sup- 
pose that 01 is a given function in C[R x B, R]. We denote by C* complex 
euclidean n space. 
For each t E R and each x E C[R, P], the composition transformation 
T(t, x) in (1) is defined by 
qt, 4 (q = x(4; w 6EB. 
It is tacitly assumed that f E C[R x C[B, P], 01. With such a composition 
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function T, Eq. (1) can be a mixed (simultaneously a retarded and advanced) 
functional differential equation. The article [7] presents examples that 
illustrate the generality of (1) as well as complementary information about 
Eq. (1). 
The convergence problem for ordinary differential equations has been 
widely investigated by many researchers. Recent results may be found in the 
references. The result below is in the spirit of those of C. Avramescu [I], 
T. F. Bridgland [24] and the author [6]; all of these results are for ordinary 
differential equations with domain R, = {r E R 1 r > 0). This is apparently 
the first convergence result that considers a general functional equation and 
has a domain of the entire real line R. 
2. PRELIMINARIES 
The following lemmas may be found in [7]. The function Y(t) is a non- 
singular n x n matrix and P is an n x n projection matrix. The symbol 
j . 1 denotes some norm of a vector as well as its corresponding consistent 
matrix norm. 
LEMMA 1. 
(i) Let there exist constants t,, and K > 0 such that 
s t 1 Y(t) PY-l(s)1 ds < K t 3 t,; to 
p% 1 Y(t) P 1 = 0. 
(ii) Let there exbt constants t, and K > 0 such that 
I 
to 
) Y(t) PY-l(s)! ds < K t < to; 
t 
fb, 
jii 1 Y(t) P 1 = 0. 
LEMMA 2. 
(i) Let there exist constants t, and K > 0 such that 
s m 1 Y(t) PY-l(s)1 ds < K t > 63; t 
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then, 
gY(t)w=% 
for all 6 such that Pf # 0. 
(ii) Let there exist constants t,, and K > 0 such that 
s 
t 1 Y(t) PY-l(s)1 ds <K t < to; 
-02 
then, 
t@m I y(t) pt I = CQO, 
for all 5 such that Pt # 0. 
The space C! of all continuous n-vector functions defined on R with the 
property that the liml,l,, f (t) exists is used below. With 
If Ice = ;i; IfWl 9 
the space Cd is a Banach space. 
3. CONVERGENCE OF THE SOLUTIONS OF THE FUNCTIONAL EQUATION 
THEOREM. Let the following conditions be satis$ed: 
(i) There exist supplementary projections Pi , i = 0, f 1, co and a 
constant K > 0 such that if @$(t; s) = Y(t) PiY-l(s), i = 0, fl, co, 
1” I @-dC 41 ds + j s” I @o(t; 41 ds j + la I @At; 41 ds < K tER; (3) 
-00 0 
(ii) The limits lim,*, L(t) = L(f oo) exist where 
L(t) = 1 t --m 
@-dt; s) ds + lot ao(t; s) o!s - s,m al(t; s) ds; 
(iii) for each (t, #) in R x C[B, Cn], 
PJ-Yt)f 0, $1 = 0; 
(iv) There exists a constant A and a function w E C[R x R+ , R+] 
with the properties: 
(a) w(t, Y) is nondecreasing in Y for each fixed t E R, 
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(b) For each (t, #) E R x C[B, C”] with 1 I/J IB f A, 
If@, 491 < 44 I * Id. 
Were, I u IB &mm suptGB I @)I .) 
(4 P = SUP&R w(t, A) < co and h - pK > 0. 
(v) limb, f(t, #) = g(#) and lim,,-,f(t, #) = A(#) exist unifordy 
for all # such that # is a constant function in C[B, C”] with 1 $ Is < A. 
(vi) lim,,*, ol(t; 0) = fco uniformZy for 6 E B. 
Then, under these hypotheses, there exists an M > 0 such that for each x0 with 
I Pg,, I < (A - pK) M-l, there is Q solution x(t) = x(t, 0, x0) of (1) with 
1 x(t)1 < X (t E R) and the limits xk, = lim,,+,, x(t) exist. Furthermore, these 
limits xia, of x(t) must satisfy the equations 
x+03 = L(fa) g(xB,m)* 
x-, = L(- co) h(x!,) 
where xlm denotes the functions with constant value xfm in C[B, C”], 
Proof. Consider the closed, convex subset CA8 of Cd defined as 
c,c = {x E cc 1 su; 1 x(t)1 < A}. 
For x E CAL, define the operator F by 
Fx(t) = Y(t) pox(O) + ft @-,(c s) f (s, T(s, x)) ds 




Lemma 1 implies that there exists an M > 0 such that I Y(t) PO 1 < &I, 
t E R. This is the M in the conclusion of the Theorem. 
The Schauder-Tychonoff fixed-point theorem will be employed to show 
that F has a fixed point in C f. It follows from Hypotheses (i) and (iv) of the 
Theorem that XEC,C implies I Fx(t)l < h for te R. To establish the containment 
FCAc C C,,c, it must be shown that liml,i+m Fx(t) exists for x E C,C. We will 
indicate how the existence of the limit lim,,,Fx(t), can be demonstrated; 
the remaining limit (t + --co) can be found in a similar manner. 
570 THOMAS G. HALLAM 
Denote by xh, = limt+iao x(t) and by ~1~ the constant functions x+, 
in C[B, P]. We write (5) as 
Fx(t) = y(t) Pox(O) + 1" @-,(C $1 Efh T(s, x)) - &fm)] ds 
--m 




s m @I@; 4 [fb, T(s> 4) - g(&Jl ds + W)g(x:,) 
teR. 
t 
The limit (as t -+ co) of the last term in (6) exists by virtue of Hypothesis (ii). 
The remaining terms on the right side of (6) tend to zero as t -+ co. To 
verify this statement we first note that Lemma 1 implies that 
The limit 
lim 
I t t+m -.a @-l(t; s) [f(~, T(s, 4) - &“,cJl ds = 0 (7) 
will be established. The proof that the other two terms involving integrals in 
(6) approach zero uses similar techniques and that verification is omitted. 
Hypothesis (vi) implies that for x E C,,G, lim,_t+m T(t, x) = x$ . Using 
the continuity off and (v), for E > 0, we can choose Tl E R, such that 
and 
IfIt, W, 4) - &:,)I < e/4K t b T,; (8) 
If@, T(t, 4) - 4xfco)l -c d4K t<-T,. (9) 
As 
s t I Q.&t; s)l ds < K tcR, -co 
Lemma 1 implies that lim,,, 1 Y(t) PM, I = 0; therefore, T, 3 Tl can be 
chosen so that 
I y(t) P-1 I < c/4 sup[I N&I + I g(&Jll * ) j ’ P-J’-1(4 ds 1 t > Ts , --m 
(10) 
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where the sup in (10) is taken over all constant functions X~~ with j xzE 1 f A; 
and, 
I Y(t) p-1 I < E/4 / J;fl P-,Y-l(s) [f(s, T(s, x)) - g(x:m)] ds j t 2 T, . 
(11) 
In each of (10) and (1 l), it is required that the denominators be nonzero; 
however, these inequalities are not needed in the proof below if they are 
zero. The observation that Tl and T, can be chosen independently of x E C,e 
is required below. 
If t > T2, each of (8), (9), (10) and (11) are satisfied. From these inequal- 
ities we obtain 
+ 1 Y(t) Pw, I j lT’ P-,Y-l(s) ds j I h(xfm) - g(x:m>l 
--m 
+ I Y(t) P-1 I / IT’ P-J-‘(s) [f(s, T(s, x)) -g&)] ds ) 
-T1 
+ IT1 I @-,(t; s)l I f(s, T(s, x)) - g(xB,,)I ds < E t b T?. . 
This verifies (7). It follows from (6) that 
$p(t) = q+4g(xL). (12) 
The transformation F is readily seen to be continuous in the uniform 
topology of Ct. If the sequence {x,}, x, E ChG, n = 1,2,..., converges uni- 
formly to x on R, then T(t, x,) converges uniformly to T(t, X) on R. The fact 
that Fx, converges uniformly to Fx on R follows from the continuity off 
and Hypothesis (i). 
For the function space Ce with domain R, , it was shown in [l] that a 
subset D is compact, if and only if, the family of functions in D is uniformly 
bounded, equicontinuous on R, and uniformly convergent. The proof given 
in [I] can be immediately extended to domain R by noting that the corre- 
spondence 
44 -l<s<l, 
Y(S) = x-m s=-1, 
x+m s = +1, 
409/4W-17 
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where s = (2/ n arc tan t is a homeomorphism from Ce to C[[-1, I], C”]. ) 
For details, the reader is referred to [I]. 
The uniform boundedness of FCAc is clear. The family FC,C is equicon- 
tinuous on R, since z = Fx is a solution of 
Thus, 
and the equicontinuity of FC,f is an immediate consequence. The set m is 
uniformly convergent; this follows from the observation that the limit in (12) 
is uniform. Hence, m is compact. 
The Schauder-Tychonoff fixed-point theorem implies that F has a fixed, 
point in CAL. This fixed point, x E CA/, is a solution of (1) by virtue of (5) 
and Hypothesis (iii), 
As a consequence of (12) and the corresponding analog as t -+ - 00, we 
note that the fixed point x has limits, x+, , that satisfy Eq. (4). This com- 
pletes the proof of the theorem. 
Remark. The boundedness of the matrix A coupled with the Hypothesis(i) 
implies that a partial uniform conditional asymptotic stability exists for (2); 
see Coppel [5, p. 1341 for details in the case where the domain of A is R, . 
Theorem 1 of [7l has liml,l,, w(t, h) = 0 as a hypothesis; hence, the above 
result is an extension of that result in the case that A is bounded. 
The approach in [7] utilizes the compact-open topology as opposed to the 
uniform topology employed here. 
We conclude with a simple illustration that describes a setting where the 
theorem is applicable. Let the coefficient matrix A be given as 
A(t) = diag(-1, 1, 2t/t2 + 1); 
then, the fundamental matrix Y is given by 
Y(t) = diag(e-$, et, t2 + 1). 
The projections employed in the theorem can be taken as the matrices 
Pa = 0, P-, = diag(l, 0, 0), PI = diag(O, 1,O) and P, = diag(O, 0, 1). 
A computation shows that Q&t; s) = 0, Qi-,(t; s) a!.~ = diag(l, 0,O) and 
tDl(t; s) ds = diag(O, 1,O); thus, in this example, Hypothesis (i) is satisfied 
with K = 2. It is also seen that L(t) = diag( 1, - 1,O). 
To complete the illustration, a class of functions each of which is admis- 
sible as a perturbation term is exhibited. We choose the composition function 
01 = a(t; 8) to be independent of e(a(t; 0) = a(t)) and such that (vi) is satis- 
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fied. Recalling the definition of P, , we note that for (iii) to hold the perturba- 
tion term f should have the form f = (fi , f2, O)T. Suppose further that the 
components off are defined as 
where 
lim ai = ai( f 00) > 0, t-t*m 
gi(x) is continuous for x E R3, and ( g,(x)1 < ~~(1 x 1) with yi(r) being a 
nondecreasing function, i = 1, 2. 
The limits, lim,,+, fi(t, #) = a,(~m~)g~($) are uniform for all constants $J 
such that 1 # / < h. Subject to a suitable choice of the relative size conditions 
in (c) and the conclusion of the theorem, solutions of the functional differ- 
ential equation described above are convergent. 
As a consequence of the theorem, we note that any convergent solution x 
has limits X(&W) that satisfy 
XI(i~> = &(X(i~)h 
%(i~) = -&(X(-f~N, 
x3(-&00) = 0. 
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